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Abstract
Let X(2) denote the space of all non-empty subsets of X consisting of at most two elements.
A Hausdorff space X is topologically well-ordered iff there exists a Fell continuous selector on X(2).
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The following result [3] was presented by Gutev in the International Conference on
Topology and its Applications, Kanagawa, 1999. It characterizes some special ordered
spaces by means of continuous selectors.
Theorem 1. Let X be a Hausdorff space. The following conditions are equivalent:
(i) there exists a Fell continuous selector on the space 2X of all non-empty closed
subsets of X.
(ii) X is homeomorphic to a topologically well-ordered space.
The purpose of this note is to prove the next strengthening of the above theorem (in
Theorem 1 the implication (ii)⇒ (i) is immediate).
Theorem 2. Let X be a Hausdorff space. The following conditions are equivalent:
(i) there exists a Fell continuous selector on the space X(2) of all non-empty subsets
of X containing at most two points.
(ii) X is homeomorphic to a topologically well-ordered space.
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In this way we obtain a complete analogue of the classical theorem of van Mill and
Wattel on the orderability of compact spaces via selections [4].
A topologically well-ordered space [2] is a linearly ordered space in which every non-
empty closed subset has a first element. (This notion should not be confused with the one
of topologically well-orderable subspace [2,1].)
The next proposition provides a standard characterization of topologically well-ordered
spaces. It is an immediate consequence of elementary facts about linearly ordered sets.
Proposition 3. For a linearly ordered space X the following conditions are equivalent:
(i) X is topologically well-ordered.
(ii) Every non-empty subset of X has infimum.
(iii) X is the open subspace obtained by removing the last point of a compact linearly
ordered space.
(iv) For every x ∈X the set Lx = {y ∈X: y  x} is compact.
Recall that the Fell topology τF on 2X is the topology which has a subbase consisting
of the sets of the form:
V − = {F ∈ 2X: F ∩ V 	= ∅}, W+ = {F ∈ 2X: F ⊆W},
where V and W are arbitrary non-empty open subsets of X with the restriction that
the complement of W is compact (if this restriction is removed, we get the Vietoris
topology τV ).
A Fell continuous selector on a subspace H of 2X is a τF -continuous map σ :H→ X
such that σ(F ) ∈ F for every F ∈H. Obviously, if X is compact, then a Fell continuous
selector is Vietoris continuous (or simply continuous).
To prove (ii)⇒ (i) in Theorem 2 it is enough to observe that the map which associates
to every non-empty closed subset F its first element is Fell continuous on 2X (use
condition (iv) in Proposition 3).
In order to prove the reverse implication, we need some considerations. All spaces are
assumed to be Hausdorff.
Theorem 4. If X(2) has a Fell continuous selector, then X is locally compact.
Proof. Let σ be a Fell continuous selector on X(2). By way of contradiction suppose that
there exists a point p without compact neighborhoods. Since X is not compact, there exists
a neighborhood V of p such that V ∪K 	=X for every compact subset K .
Since σ({p})= p, there exists a compact subset K of X \ {p} such that σ({x,p}) ∈ V
for every x /∈K . If we take any point q belonging to X\(K ∪V ), we obtain σ({q,p})= p.
Now, choose a neighborhood W of q and a base {Vλ} of neighborhoods of p, with
W ∩ Vλ = ∅ for every λ. Since σ({q}) = q , there exists a compact subset H of X \ {q}
such that σ({q, y}) ∈W for every y /∈H . Pick any point pλ ∈ (Vλ \H), for every λ. Thus
σ({q,pλ})= q . Since the net {q,pλ} converges to {q,p}, we obtain a contradiction. ✷
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Let X˜ = X ∪ {p} denote the one-point compactification of a non-compact locally
compact space X. If σ is a selector on X(2), then denote by σ˜ the unique selector on
X˜(2) which extends σ and chooses a point of X for every subset of two elements. The
proof of the next proposition is straightforward.
Proposition 5. If X is a non-compact locally compact space and σ is a Fell continuous
selector on X(2), then the extension σ˜ defined by σ˜ ({x,p}) = x∀x 	= p is a Vietoris
continuous selector on X˜(2).
Recall that a space is said to be orderable provided that there exists a linear order which
induces the topology.
Van Mill and Wattel proved the following fundamental result [4].
Theorem 6. A compact Hausdorff space Y is orderable iff there exists a Vietoris
continuous selector on Y (2).
Consequently, if there exists a Fell continuous selector σ on X(2), then the selector σ˜
ensures that the one-point compactification X˜ =X ∪ {p} is orderable. By Proposition 3 it
is enough to prove that X˜ is orderable in such a way that p is the last point. This is exactly
what is claimed in the next theorem, where it is important to keep in mind the properties
of σ˜ .
Theorem 7. Let X be a linearly ordered compact space and take a point p ∈X. Assume
there exists a continuous selector σ on X(2) such that σ({x,p})= x for every x 	= p. Then
X is orderable in such a way that p is an extremum of X.
Proof. If p is an extremum of X, we are done. If p is an extremum of a jump, it is enough
to reorder X by exchanging the two sections with each other.
Otherwise let L = {x ∈ X: x < p} and R = {x ∈ X: x > p}. We have that every
neighborhood of p meets both L and R. The proof will be performed through some steps.
Fact 1. Let x0 ∈ L. There exists a neighborhoodV of p such that σ({x0, y})= x0 for every
y ∈ (V ∩R) (analogously for y0 ∈R).
Since the net {x0, y} converges to {x0,p} when y converges to p, then σ({x0, y})
converges to σ({x0,p}) = x0. Consequently σ({x0, y}) ∈ L when y belongs to a suitable
neighborhood V of p.
Fact 2. There exist unique regular cardinals η and κ and strictly monotone sequences
SL = {xα: α < η} and SR = {yβ : β < κ} converging to p from the left and from the right
respectively. Furthermore, the topology induced on SL and SR coincides with the ordinal
topology of the indices.
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This can be proved in straightforward way by transfinite induction and by using the
compactness of X.
Fact 3. η= κ .
Suppose η < κ . By Fact 1, for every xα there exists βα < κ such that σ({xα, yβ})= xα
for every β  βα . Let β¯ be the supremum of all βα’s. Then σ({xα, yβ¯)= xα for every α,
contradicting the second assertion of Fact 1.
Fact 4. κ = ω.
Suppose κ > ω. The sets A= {α < κ : σ({xα, yα}) ∈L} and B = {α < κ : σ({xα, yα}) ∈
R} are disjoint closed subsets of κ . Therefore one of them is bounded. Consequently it is
not restrictive to assume that σ({xα, yα}) = xα for every α < κ . By the continuity of σ ,
for every limit ordinal α there exists ϕ(α) < α such that σ({xα, y}) = xα for every y ∈
(yϕ(α), yα]. Using Fodor’s Lemma, there exist γ < κ and an unbounded subset S of κ such
that ϕ(α)= γ for every α ∈ S. Thus for every α ∈ S, α > γ we have σ({xα, yγ+1})= xα ,
in contradiction with Fact 1.
Fact 5. There exists no connected interval containing p as extreme point.
Take a point x0 < p and let I be the interval [x0,p]. By using Fact 1, we can choose
y0 > p and x1 ∈ (I \ {p}) such that σ({x0, y0})= x0 and σ({x1, y0})= y0. Consequently
the sets A= {x ∈ I : σ({x, y0})= x} and B = {x ∈ I : σ({x, y0})= y0} supply a partition
of I into two non-empty closed subsets.
Conclusion
By using Facts 4 and 5, we can construct strictly monotone sequences {xn} and {yn}
converging to p from the left and from the right side respectively, in such a way that xn is
the second extremum of a jump and yn is the first extremum of a jump (that is, every xn is
an immediate successor and every yn is an immediate predecessor). Put:
L0 = {x ∈X: x < x0}, L1 = [x0, x1), L2 = [x1, x2), . . . ,
. . . , R2 = (y2, y1], R1 = (y1, y0], R0 = {y ∈X: y > y0}.
The sets Ln and Rn are clopen for every n. The proof is concluded by reordering X as
follows:
L0 <R0 <L1 <R1 <L2 <R2 < · · ·< {p}.
Remark 8. Let X[1] and X[2] denote the sets of all singletons and of all couples
of X, respectively. Obviously X(2) = X[1] ∪ X[2]. Every Vietoris continuous selector
σ :X[2] → X extends in a natural way to X(2) and this extension is again Vietoris
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continuous. In the case of the Fell topology, the existence of a continuous selector on
X[2] does not ensure the existence of a continuous selector on X(2). One could consider a
countable space with a unique non-isolated point X=N∪ {p}, where neighborhoods of p
are generated by some free ultrafilter on N. Then there is a Fell continuous selector on Z[2]
(e.g., σ {a, b} = minN∩ {a, b}), but there is no Fell continuous selector on Z(2).
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